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A function <f>(di, ■ ■ ■ , dn), from the ordered M-tuples of nonnegative integers into the nonnegative integers augmented by », with the following properties arises in the investigation [6] of the differential ideal generated by a product of n differential indeterminates: where r, s, ■ ■ ■ , t range over all nonnegative integers such that the arguments are nonnegative.
Many other properties of <j> can be derived from these four, including the following:
where Ti = h+ ■ ■ ■ -\-ti.
Property (F) shows that </> is a solution of a quadratic integer programming problem. Some references are given at the close of this paper; others may be found in these listed publications.
We assume using (A) that the d{ are numbered so that di^d2 and (C).
If di, • • • , dn are allowed to take on all real values, it can be shown easily by induction on n that the function cp(D) satisfying (C) and (E), with t ranging over the real numbers, is
Going back to the integer case, we note that
=q -r and hence that
We also observe that g» is the average of the *-1 integers di-\-d2, d3, ■ ■ ■ , d,. Therefore one and only one of the following holds for each i 2:3:
Since the d's are nondecreasing, if g/^>2/+i for some 7 then (2) implies that <?j^ gJ+i ^ g,+2 ^ • • • ^g". The first such j must therefore be k. Hence we have Using (6) and (7) One sees from (9) and (2) 
